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ABSTRACT
Wavefunctionals of three dimensional quantum gravity are extracted from the 3D
field theoretic analogs of the four dimensional Donaldson polynomials. Our proce-
dure is generalizable to four and other dimensions.
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Since topological invariants are a subset of diffeomorphism invariants, elucida-
tion of their role in gravity is expected to be of (at least) pedagogical value in
constructing a quantum gravity theory. We know how to write down path integral
expressions1 for the Donaldson polynomial invariants2 of four dimensional mani-
folds. Thus we will investigate the role the topological gravity analogs of these
invariants play in ordinary quantum gravity. The simplest setting to examine this
is in three dimensions where quantum gravity can be written as a BF of Chern-
Simons topological field theory3. In the interest of applications to four and higher
dimensions, our discussion below will emphasize generality4.
Consider a general field theory (GFT) with action SGFT [X ] and a topological
quantum field theory (TQFT)5 with action
STQFT [X, Y ] = SGFT [X ] + SS[X, Y ] , (1)
both on a manifold, M , with boundary, ∂M = Σ. The set of fields Y are akin to the
super-partners of the GFT fields X. Let O(X, Y ) denote a product of observables
in the TQFT whose total ghost number is equal to the dimension of the moduli
space the TQFT is defined for. Construct the Hartle-Hawking wavefunctional (the
notation |Σ means restriction to Σ),
Ψ[X|Σ, Y |Σ] =
∫
[dX ][dY ]e−STQFTO(X, Y ) , (2)
in the TQFT by performing the indicated functional integrals with fixed boundary
values, X|Σ and Y |Σ, for the fields. Then set Y |Σ = 0 in this TQFT wavefunctional
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to obtain a wavefunctional in the GFT; i.e.,
Ψ[X|Σ, Y |Σ] =⇒ Ψ[X|Σ] . (3)
Observe that the Ψ[X|Σ] differs considerably from the Hartle-Hawking wavefunc-
tional of the GFT. In constructing it from Eq. (2), the functional integration over
the “superpartner” Y yields a non-local functional, F [X ], of the X fields. This
means that generically, the GFT wavefunctional is of the form
Ψ[X|Σ] =
∫
[dX ]F [X ]e−SGFT [X] . (4)
The fact that the Ψ[X|Σ] so constructed satisfy the constraints of the GFT is
seen as follows: Given the constraints, CGFT (X|Σ), in the GFT, the set of constraints
in the TQFT includes the constraints
CTQFT (X|Σ, Y |Σ) = CGFT (X|Σ) + CS(X|Σ, Y |Σ) , (5)
as may be seen from Eq. (1). Now, Ψ[X|Σ, Y |Σ] satisfies
CTQFT (X|Σ, Y |Σ)Ψ[X|Σ, Y |Σ] = 0 , (6)
thus CGFT (X|Σ)Ψ[X|Σ, Y |Σ]+CS(X|Σ, Y |Σ)Ψ[X|Σ, Y |Σ] = 0. After evaluating this at
Y |Σ = 0 (which implies CS(X|Σ, 0) = 0 identically) and calling Ψ[X|Σ] ≡ Ψ[X|Σ, 0],
we arrive at
CGFT (X|Σ)Ψ[X|Σ] = 0 . (7)
Namely, the wavefunctional so constructed satisfies the constraints of the GFT and
is defined on the set of fields, X|Σ, of the GFT only.
As an example of the procedure, let M be a genus-g handlebody, then we for-
mally find the quantum gravity wavefunctionals
Ψ[ω; g] =
∫
[dµ]SBF
∏DM
I=1 δ(UI(A)− gI(ω))
∏DM
J=1 δ(
∮
J ψ)×
×
∏
iOi(φ, ψ, F ) e
−SSBF , (8)
after starting from the wavefunctions of super-BF gauge theory5 (for flat SO(3)
connections). Here DM = 3(g−1) is the dimension of the moduli space of flat SO(3)
connections over the handlebody; UI(A) is the holonomy of the SO(3) connection
A along each longitude; ω is a flat connection – with holonomy gI(ω) – of the
Riemann surface which bounds the handlebody; ψ is the ghost for the topological
shift symmetry on A and φ is a scalar, secondary ghost. The delta functions enforce
the boundary conditions on the fields in a gauge invariant manner. The Oi are the
observables (elements of the equivariant cohomology) in the super-BF theory with
action SSBF and functional measure [dµ]SBF . This formal wavefunctional is to be
computed in the semi-classical limit; this is known1 to be exact. In this limit, for
example, φ is replaced by an expression involving ψ and a Green’s function4.
In the special case of three dimensional gravity, we can also obtain wavefunc-
tionals which solve the canonical constraints by “almost” computing correlation
functions in a super-BF gauge theory over a two-dimensional genus-g Riemann sur-
face. By “almost” we mean integrating over all fields in the super-BF gauge theory
except for the connection; this gives
Ψ~n[ω; g] = (−)
n3
n4∏
i
Tr((
∫
y,Σg
Gω(xi, y)[q(ω(y)),
⋆q(ω(y))])2) ×
×
n3∏
j
∮
γj
Tr(
∫
y,Σg
Gω(xj , y)[q(ω(y)),
⋆q(ω(y))]q(ω(xj))) ×
×
n2∏
k
∫
Σg
Tr(q(ω) ∧ q(ω)) , (9)
with n4+n3+n2 = 6(g−1); where Gω is the Green’s function of the two-dimensional
scalar laplacian with connection ω;
∫
y,Σg means the integral over the genus-g Rie-
mann surface, Σg, with coordinates y; and the q(ω) form a 6(g − 1)-dimensional
basis for H1(Σg, SO(3)) and appear in a totally anti-symmetric combination.
In conclusion, starting with the Hilbert spaces of certain topological gravity
theories, we can construct subsets of wavefunctionals for quantum gravity. These
are expected to form quantum gravity Hilbert sub-spaces with an inner product
inherited from the topological gravity theory. Work on the latter issue is in progress.
Further details along with a sketch of our approach for four dimensional quantum
gravity is given in Ref. [4]. Functional elaboration of the relationship between BF
gauge theories and super-BF gauge theories may be found in Ref. [6].
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